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� A model for bone remodeling that includes PTH is proposed.

� PTHrP is included to account for the vicious cycle of bone metastases.
� PK/PD of bisphosphonates, denosumab and chemotherapy are included as treatment.
� Model simulations illustrate how anti-cancer and anti-resorptive therapies on bone metastases can reduce tumor burden and restore bone health.
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Bone is a common site for the development of metastasis, as its microenvironment provides the
necessary conditions for the growth and proliferation of cancer cells. Several mathematical models to
describe the bone remodeling process and how osteoclasts and osteoblasts coupled action ensures bone
homeostasis have been proposed and further extended to include the effect of cancer cells. The model
proposed here includes the influence of the parathyroid hormone (PTH) as capable of triggering and
regulating the bone remodeling cycle. It also considers the secretion of PTH-related protein (PTHrP) by
cancer cells, which stimulates the production of receptor activator of nuclear factor kappa-B ligand
(RANKL) by osteoblasts that activates osteoclasts, increasing bone resorption and the subsequent release
of growth factors entrapped in the bone matrix, which induce tumor growth, giving rise to a self-
perpetuating cycle known as the vicious cycle of bone metastases. The model additionally describes how
the presence of metastases contributes to the decoupling between bone resorption and formation.
Moreover, the effects of anti-cancer and anti-resorptive treatments, through chemotherapy and the
administration of bisphosphonates or denosumab, are also included, along with their corresponding
pharmacokinetics (PK) and pharmacodynamics (PD). The simulated models, available at http://sels.tec
nico.ulisboa.pt/software/, are able to describe bone remodeling cycles, the growth of bone metastases
and how treatment can effectively reduce tumor burden on bone and prevent loss of bone strength.
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1. Introduction

Bone is a dynamic tissue that suffers constant remodeling
throughout life to ensure the integrity of the skeleton. It involves
tightly coordinated phenomena of bone resorption (degradation)
and formation in order to preserve bone mass, undertaken by
osteoclasts and osteoblasts, respectively, which form temporary
structured units called basic multicellular units (BMUs) (Raggatt
and Partridge, 2010).
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Osteoclasts are multinucleated cells that result from the fusion
of mononucleated hematopoietic stem and progrenitor cells that
express RANK (receptor activator of NF-B) and c-fms (macrophage
colony-stimulating factor receptor). In the presence of CSF-1
(colony-stimulating factor 1) and RANKL (RANK-ligand), which
bind to c-fms and RANK, respectively, these cells differentiate into
osteoclasts capable of bone resorption. At the end of their life
cycle, osteoclasts undergo apoptosis (programmed cell death)
(Raggatt and Partridge, 2010).

Bone formation results from the activity of osteoblasts, i.e.
mononucleated cells able to form bone. Osteoblasts differentiation
from mesenchymal stem cells (MSC) is controlled by bone mor-
phogenetic protein (BMP), Wnt-signaling and vitamin D, among
other factors. These cells express parathyroid hormone (PTH)
receptors. In response to PTH, osteoblasts and cells of the osteo-
blastic lineage upregulate the expression of RANKL, which binds to
RANK expressed in osteoclasts precursors, promoting their acti-
vation and bone resorption. These cells also produce osteoprote-
gerin (OPG), a soluble decoy receptor for RANKL, which inhibits
osteoclastogenesis by binding to RANKL. The secretion of OPG is
reduced in response to PTH, which contributes further to osteo-
clastogenesis. The RANK/RANKL/OPG pathway is hence of para-
mount importance in the regulation of bone resorption and for-
mation. Osteoblasts can undergo apoptosis, differentiate into
osteocytes or into bone lining cells (Crockett et al., 2011; Hofbauer
et al., 2014).

The process of bone turnover is activated by either mechanical
stimuli on the bone, or systemic changes in homeostasis which
result in the production of estrogen or PTH (Raggatt and Partridge,
2010). PTH release has tonic and stochastically pulsatile compo-
nents, being controlled by the calcium concentration on the
parathyroid glands and eventually, by the concentration of phos-
phorus. It is triggered in response to a reduced calcium con-
centration, which increases calcium release, and inhibited when
high calcium concentration is sensed (Silva and Bilezikian, 2015).
The action of PTH on cells of the osteoblastic lineage results in the
differentiation and activation of osteoclasts, which form a cutting
cone to degrade bone, initiating the resorption phase. The
resorption phase is followed by a reversal phase, where the lacu-
nae created by bone resorption is prepared for the bone formation
process, removing the undigested demineralized collagen matrix.
The initiation of the formation phase is coupled to the resorption
phase in a process not yet fully understood. Factors released from
the bone matrix during resorption, such as insulin growth factors I
and II (IGF-I,II) and TGF-β, may be involved in this coupling.
However, there is evidence that, in the presence of malfunctioning
osteoclasts unable to degrade bone, bone formation still takes
place, leading to the hypothesis that osteoclasts produce the
coupling factors, responsible for attracting osteoblasts to the sites
of bone resorption (Crockett et al., 2011). Such factors include
sphingosine 1-phosphate, ephrins and semaphorins (Hofbauer
et al., 2014). At the resorpted site, osteoblasts commence bone
formation and replace the resorpted bone by the same amount,
ending the bone remodeling cycle.

Tumors have the ability to spread into organs other than its
primary site, bone being a common site for metastasis. According
to the “seed” and “soil” hypothesis of Paget, cancer cells (“seed”)
interact with the cells of the secondary site (“soil”) in order to
thrive. Primary cancer cells disseminate into circulation, often
extravasating to bone, where tumor cells interact with cells in the
bone marrow to grow and proliferate in the bone, by dysregulating
the normal bone resorption and formation processes. These sites
of cancer metastasis are usually those where bone remodeling
rates are high, such as, for instance, the pelvis or the axial skeleton
(Boyce, 2012; Schneider et al., 2005), or bones with abundant bone
marrow (Moulopoulos and Koutoulidis, 2014).
Bone metastases are characterized as osteolytic, in case bone
resorption is predominant, or osteoblastic, when bone formation is
stimulated in an unstructured way, both leading to loss of bone
resistance. In any case, both bone resorption and formation are
present, although out of balance. Some kinds of cancer, such as
breast or prostate cancer, are prone to develop bone metastases.
Most metastases from breast cancer are osteolytic, whereas pros-
tate cancer metastases are usually osteoblastic (Suva et al., 2011).

Metastatic cells stimulate bone resorption by both RANKL-
dependent and RANKL-independent mechanisms. During bone
resorption, TGF-β is released from the bone matrix, stimulating
the production of PTH-related protein (PTHrP) by metastatic cells.
PTHrP binds to the PTH receptors on cells of the osteoblastic
lineage, enhancing the secretion of RANKL and subsequent acti-
vation of osteoclasts, leading to increased bone resorption. In turn,
the activity of osteoclasts in the bone will result in the release of
TGF-β, giving rise to a vicious cycle (Casimiro et al., 2009). TGF-β
also induces the expression of interleukin-8 (IL-8) in metastatic
cells, stimulating bone resorption directly by increased osteoclasts
formation and activity. IL-8 can also induce IL-11, which increases
osteoclasts formation via RANKL (Casimiro et al., 2009). Breast
cancer metastases promote the decoupling between bone
resorption and formation and the hypo-activity of osteoblasts.
Bone metastases of breast cancer express dickkopf-1 (DKK-1),
which inhibits the maturation and activation of osteoblasts
through the Wnt signaling pathway (Voorzanger-Rousselot et al.,
2007). In addition to PTHrP produced locally by metastatic cells,
there is a systemic production of PTHrP at the primary tumor site,
which also takes effect at the site of the metastases (Mundy and
Edward, 2008).

The treatment of bone metastasis includes systemic treatment
and anti-resorptive therapy for primary cancer. Bisphosphonates
and Denosumab are commonly used in anti-resorptive therapy,
acting in different mechanisms of bone resorption. Bispho-
sphonates are incorporated in the bone matrix, being released by
bone resorption. As they are released, bisphosphonates promote
the apoptosis of osteoclasts and inhibit their activity by reducing
the ability to form ruffled border, essential for bone resorption
(Casimiro et al., 2009). Denosumab is a fully human monoclonal
antibody which binds exclusively to RANKL (Casimiro et al., 2009),
thus increase the OPG/RANKL ratio. Anticancer treatment, such as
chemotherapy and hormone therapy, targets primary cancer cells
and bone metastases (Makatsoris and Kalofonos, 2009).

The processes previously described are summarized in Fig. 1.
The motivation for this work lies on creating a model with

three novel features: (1) bone remodeling events are initiated by
biochemical systemic regulators, namely PTH; (2) bone metastases
induce a vicious cycle between metastatic growth and bone
resorption, through RANKL-dependent and independent
mechanisms, which includes the action of PTHrP, capable of dys-
regulating the bone remodeling system; and (3) relevant anti-
cancer (chemotherapy) and anti-resorptive (bisphosphonates or
denosumab) therapies for the treatment of bone metastases are
included, along with the pharmacokinetics (PK) and pharmaco-
dynamics (PD) of the drugs. Such a model would contribute to the
prognosis of bone metastases and to the development of perso-
nalized therapy regimes which would better suit the needs of each
patient.

The remainder of the paper is organized as follows. In
Section 2, a brief review of related computational and biochemical
models of bone and bone metastases is given. Section 3 presents
the proposed model for bone remodeling, growth of bone
metastases and treatment. In Section 4, the model is studied
through simulation for different conditions, and the results are
discussed according to the physiology of the disease. Finally, in



Fig. 1. Biochemical processes of bone remodeling, progression of bone metastases and treatment. Bone remodeling: (1) PTH stimulates RANKL production by osteoblasts;
(2) RANK/RANKL/OPG pathway plays an important role in bone resorption and formation; Bone metastases vicious cycle: (3) Bone-derived tumor growth factors (IGFs,TGF-β,
BMP, among others); (4) Tumor-derived factors stimulate bone resorption (PTHrP, TGF-β, IL-8,11, among others); (5) Tumor derived factors affect bone formation (DKK1, BMP,
IGFs, among others); (6) PTHrP stimulates RANKL production by osteoblasts Treatment: (7) Chemotherapy directly targets cancer cells; (8) Denosumab binds to RANKL,
inhibiting osteoclast formation; (9) Bisphosphonates promote osteoclast apoptosis;
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Section 5, the conclusions of this work are presented, as well as
possible future work.
2. Bone computational and biochemical models

Several mathematical and computational models of bone
remodeling dynamics have already been proposed. In particular,
models based on ordinary differential equations have been applied
to analyse and simulate the biochemical interaction between the
bone and tumor cells and the microenvironment.

Komarova et al. (2003) present a model for bone remodeling,
described by the coupling between osteoclasts and osteoblasts
using a S-system (Savageau, 1988), in which biochemical autocrine
and paracrine factors are implicitly represented in the exponents.
The bone mass temporal evolution is the result of the action of
bone degrading osteoclasts and bone forming osteoblasts. The
model is capable of representing a single remodeling cycle or a
periodic behavior, with amplitude and frequency depending on
the initial conditions. This is achieved by setting the autocrine and
paracrine parameters to the appropriate values, triggered by a
deviation in the initial conditions from the steady-state. However,
since there is no evidence that bone remodeling occurs periodi-
cally at a given site, this kind of behavior is of limited use.

In Ayati et al. (2010), the same model (Komarova et al., 2003) is
extended to incorporate the effect of multiple myeloma in the
bone dynamics. The tumor growth is assumed to follow a Gom-
pertz law and it affects the autocrine and paracrine parameters,
dysregulating the periodic remodeling cycle and leading to a
decrease in bone mass. However, this model fails to address the
dependence of myeloma growth on the bone remodeling system,
modeling it independently of the bone marrow microenviron-
ment. Although treatment is suggested as step functions affecting
the tumor growth and the osteoblasts apoptosis, capable of killing
the tumor and restore bone mass, it does not include pharmaco-
kinetics/pharmacodynamics.

In Komarova (2005), the single remodeling cycle behavior
analyzed on the previous model of Komarova et al. (2003) is
employed to study the anabolic and catabolic effects of external
administration of PTH on bone remodeling. Zumsande et al. (2011)
perform a bifurcation analysis on generalized bone remodeling
models, applies it to the model of Komarova et al. (2003) and
extends it incorporating osteoblats precursors as a variable in the
system. Ryser et al. (2009) take the model in Komarova et al.
(2003) and explicitly includes OPG and RANKL concentrations and
their influence on the system, including the spatial evolution of a
single BMU. A parameter estimation and sensitivity analysis of this
model is presented in Ryser et al. (2010). The model is further
extended in Ryser et al. (2012) to include the effect of bone
metastases in bone remodeling and to study the ambiguous role of
OPG in the system. The tumor size is included as a variable, along
with the PTHrP, which binds to osteoblast thus increasing RANKL
production. The tumor is also considered to directly influence the
RANKL and OPG concentrations. The tumor growth is dependent
on the activity of osteoclasts in the sense that it fills the cavity
resulting from bone resorption. However, it considers purely
osteolytic metastases, in which bone formation is completely
ablated, which is not the case for most metastases, where bone
formation and resorption, though dysregulated, are still present.

Lemaire et al. (2004) propose a different model for bone
remodeling, explicitly incorporating the RANK/RANKL/OPG path-
way, TGF-β and PTH. The interaction between bone cells, in this
case osteoblast precursors, active osteoblasts and active osteo-
clasts, is represented through the reaction kinetics of these
molecules, which can either activate or repress a mechanism for
activation or differentiation. Pivonka et al. (2008) extend the
previous model to include bone mass dynamics and the produc-
tion of both OPG and RANKL by the two types of osteoblastic



Table 1
Description of variables and parameters used in model (1).

Variable Description Units

C Number of osteoclasts cells
B Number of osteoblasts cells
PTHpool PTH/PTHrP concentration variation ng/L
T Bone metastases size %
z Bone mass %
d1 Effect of denosumab –

d2 Effect of bisphosphonates –

d3 Effect of anti-cancer therapy –

Cth Threshold for active osteoclasts cells
Bth Threshold for active osteoblasts cells

Parameter Description Units

α1 Osteoclasts activation rate cell�1 day�1

α2 Osteoblasts activation rate cell�1 day�1

β1 Osteoclasts apoptosis rate day�1

β2 Osteoblasts apoptosis rate day�1

g11 Osteoclasts autocrine regulator –
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lineage cells, and in Pivonka et al. (2010) a theoretical study on the
role of the RANK/RANKL/OPG pathway in the system is performed,
proposing treatment strategies for disturbances in this pathway.
Wang et al. (2011) incorporate the effect of multiple myeloma on
the bone remodeling system in Pivonka et al. (2008), considering
the vicious cycle resulting from the interaction between the bone
microenvironment and multiple myeloma cells.

Buenzli et al. (2011) add spatial evolution to the model of
Pivonka et al. (2008) and Scheiner et al. (2014) include bio-
mechanical regulation of bone remodeling and the treatment of
osteoporosis by means of denosumab pharmacokinetics and effect.
On a different approach, Araujo et al. (2014) use a Hybrid Cellular
Automata to describe spatial and temporal interactions of bone
cells and microenvironment, the vicious cycle imposed by prostate
cancer metastases, and the effect of antiresorptive treatment on
the bone dynamics, through bisphosphonates and anti-RANKL
therapy. However, this model does not take into account sys-
temic regulation of bone remodeling through PTH nor does it
include anticancer therapy.
g21 Osteoblasts-derived osteoclasts paracrine
regulator

–

g12 Osteoclasts-derived osteoblasts paracrine
regulator

–

g22 Osteoblasts autocrine regulator –

k1 Bone resorption rate % cell�1 day�1

k2 Bone formation rate % cell�1 day�1

KPTH PTH growth rate ng L�1 day�1

βPTH PTH/PTHrP degradation rate day�1

KPTHpool21
Influence of PTH/PTHrP in RANKL/OPG ratio ng�1 L

kW Shape parameter of Weibull distribution –

λW Scale parameter of Weibull distribution –

kT Bone metastases growth rate through bone
resorption

% cell�1 day�1

λT Half-saturation constant for bone metas-
tases size

%

LT Maximum size of bone metastases %
r11 Effect of tumor in osteoclasts autocrine

regulator
–

r22 Effect of tumor in osteoblasts autocrine
regulator

–

rPTHrP Rate of PTHrP production by cancer cells ng L�1 cell�1 day�1

C0 Initial number of osteoclasts cells
B0 Initial number of osteoblasts cells
z0 Initial bone mass percentage %
PTHpool0 Initial PTH/PTHrP concentration ng/L
T0 Initial size of bone metastases %
Kd1 Maximum effect of denosumab –

Kd2 Maximum effect of bisphosphonates day�1

Kd3 Maximum effect of anti-cancer therapy % day�1

D0 Drug dosage mg
τ Administration time interval day
ke Drug elimination rate day−1

ka Drug absorption rate day−1

F Bioavailability –

Vd Volume distribution L
C50 Drug concentration for 50% of maximum

effect
mg/L
3. Proposed model

The model proposed here extends the one introduced by
Komarova et al. (2003) by including new variables that represent
the pooled concentration of PTH and PTHrP, metastatic cells and
drugs used for treatment. The complete model is described as

dCðtÞ
dt

¼ α1CðtÞg11 þ r11
TðtÞ
LT BðtÞg21 þKPTHpool21

PTHpoolðtÞ�Kd1
d1ðtÞ �ðβ1þKd2d2ðtÞÞCðtÞ;

ð1aÞ

dBðtÞ
dt

¼ α2CðtÞg12BðtÞg22 þ r22
TðtÞ
LT �β2BðtÞ; ð1bÞ

dPTHpoolðtÞ
dt

¼ �βPTHPTHpoolðtÞþKPTHδðtÞþrPTHrP maxf0; CðtÞ�Cthg
TðtÞ
LT

; ð1cÞ

PðδðtÞ ¼ 1Þ ¼ 1�exp � t
λW

� �kW
 !

; ð1dÞ

dTðtÞ
dt

¼ kT maxf0;CðtÞ�CthðtÞg
TðtÞ

λT þTðtÞ�Kd3d3ðtÞTðtÞ; ð1eÞ

dzðtÞ
dt

¼ �k1 maxf0;CðtÞ�Cthgþk2 maxf0;BðtÞ�Bthg; ð1fÞ

dCthðtÞ
dt

¼ α1CthðtÞg11 þ r11
TðtÞ
LT BthðtÞg21 �Kd1

d1ðtÞ �ðβ1þKd2d2ðtÞÞCthðtÞ;
ð1gÞ

dBthðtÞ
dt

¼ α2CthðtÞg12BthðtÞg22 þ r22
TðtÞ
LT �β2BthðtÞ: ð1hÞ

The description for the variables and parameters included in
the model is given in Table 1.

The bone mass z is affected by the number of bone degrading
osteoclasts, C, and bone forming osteoblasts, B. According to the
model, bone resorption and formation rates are proportional to
the number of active osteoclasts and osteoblasts, which is given by
maxf0;C�Cthg and maxf0;B�Bthg, respectively. The number of
osteoclasts and osteoblasts which are above the thresholds set by
variables Cth and Bth, respectively, are considered to be active.
Constants k1 and k2 represent bone resorption and formation
activity and are chosen such that, in normal conditions, the bone
mass returns to its initial value after a bone remodeling cycle.

Both osteoclasts and osteoblasts produce regulatory factors
that affect their own or the other cell type production, denomi-
nated autocrine ðg11; g22Þ and paracrine factors ðg12; g21Þ,
respectively. In particular, the RANK/RANKL/OPG pathway is
encoded in g21, as the ratio of RANKL and OPG produced by
osteoblasts has a paracrine effect on the regulation of osteoclasts.
The production and death rate of the cells are, respectively,
encompassed by αi and βi, i¼1 for osteoclasts and i¼2 for
osteoblasts.

Considering only C, B and z, by setting the state variables
PTHpool and T and variables d1, d2 and d3 to 0, the system (1)
reduces to that in Komarova et al. (2003), on which an analysis on
the possible values and resulting dynamics for the parameters has
already been performed. In this model, the set of parameters is
selected such that the system exhibits a stable steady-state
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ðCss;Bss; Pss ¼ 0Þ, and, when in steady-state, the RANKL/OPG ratio
inhibits the activation of osteoclasts, that is, g21o0. All other
autocrine and paracrine parameters are positive, with g11 and
g22 chosen such that the system is stable. In healthy bone,

Css ¼ β1
α1

� �ð1�g22Þ=Γ β2
α2

� �g21=Γ
and Bss ¼ β1

α1

� �g12=Γ β2
α2

� �ð1�g11Þ=Γ
, where

Γ ¼ g12g21�ð1�g11Þð1�g22Þ (see Komarova et al., 2003).
PTH acts as a systemic regulator of bone remodeling, whose

variation of concentration is incorporated in PTHpool, which
represents the joint concentration of PTH and PTHrP. PTH binds to
PTH receptors expressed in osteoblasts, resulting in an upregula-
tion of RANKL, which leads to the formation and activation of
osteoclasts, thus initiating the remodeling cycle. The paracrine
parameter g21 represents the RANKL/OPG ratio and so it is affected
by PTH by adding the term KPTHpool21

PTHpool to the exponent, where
KPTHpool21

40 represents the increase in RANKL caused by the pre-
sence of PTH/PTHrP.

Unlike Komarova et al. (2003), the remodeling cycle is not
initiated by a change in initial conditions. Instead, there is a trig-
gering signal δ, a pulse of amplitude and width 1, resulting from a
systemic change in the bone microenvironment, which results in
the production of PTH, which is then responsible for the recruit-
ment of osteoclasts, as previously explained. Since different BMUs
can be activated simultaneous and asynchronously, the production
of PTH is triggered at time instants that follow a Weibull dis-
tribution. The cumulative distribution function for the Weibull
distribution is Wðt; kW ; λW Þ ¼ 1�expð�ð t

λW
ÞkW Þ, where tZ0 repre-

sents time, kW 40 is the shape parameter and λW 40 the scale
parameter. The probability of triggering a remodeling event
PðδðtÞ ¼ 1Þ depends on the time elapsed since the last one occur-
red, according to parameters λW and kW, increasing over time.
Constant βPTH represents the natural decay of the concentration of
PTH/PTHrP, which, together with constant KPTH, controls the peak
value of PTHpool in healthy bone remodeling.

In presence of metastatic cells, the bone remodeling dynamics
is dysregulated. T represents the relative size of the metastases (in
percentage), with maximum allowed size LT ¼ 100%. As in Ayati
et al. (2010), metastatic cells influence directly the autocrine
parameters in osteoclasts and osteoblasts, promoting the produc-
tion of osteoclasts, encoded by the term r11 T

LT
, and inhibiting the

activation of osteoblasts through r22 T
LT
, where r1140 and r22o0

reflect the direct influence of the cancer cells in this dysregulation.
Similarly to Ayati et al. (2010), the thresholds Cth and Bth are
affected by the presence of the tumor. However, while in Ayati
et al. (2010) this dependence was binary, in the sense that there
were two threshold values, one for the absence of tumor (com-
puted with TðtÞ ¼ 0) and another for the presence of tumor
(computed with TðtÞ ¼ LT ), here the threshold changes, general-
izing the former proposal, as to accommodate the dynamic evo-
lution of T.

Furthermore, cancer cells produce PTHrP in the presence of
TGF-β, released during bone resorption. Osteoblasts receptors for
PTH and PTHrP are the same and so PTHrP stimulates the pro-
duction of RANKL in osteoblasts. Hence, PTHrP can be incorporated
also in PTHpool, adding the term rPTHrP maxf0;C�CthgT to the
dynamics of PTHpool, to represent the effect of TGF-β released from
the bone matrix during resorption, proportional to the resorption
rate maxf0;C�Cthg, in the secretion of PTHrP by the cancer cells, T.
There is also a systemic production of PTHrP at the primary tumor
site which affects locally the site of bone metastasis. However,
since the primary tumor is not explicitly represented, this com-
ponent was not included in the model, although the qualitative
effect of adding a systemic production PTHrP to the model is
nevertheless present through parameter g21.

The growth of metastatic cancer cells is dependent on growth
factors released during resorption (although, in latter stages, this
growth may become autonomous of the bone microenvironment,
which is not included in this model), so the growth rate is pro-
portional to bone resorption, maxf0;C�Cthg, by the tumor growth
rate constant kT. The growth rate is also affected by a sigmoid term

T
λT þT, representing the effect of the current extension of the
metastasis on its own growth, λT being the half-saturation con-
stant. This term reflects the fact that, while bone resorption may
have little effect on the growth rate when the metastasis is much
smaller than λT, this effect increases quickly as the size increases,
being then limited only by the bone resorption. Tumor growth is
also driven by other factors independent of resorption, such as
oestrogen, however these are not included in the model.

The effect of denosumab, d1, bisphosponates, d2, and anti-
cancer therapy, d3, is included in the model, acting on the appro-
priate mechanisms.

Denosumab acts as a decoy receptor for RANKL, lowering the
RANKL concentration and hence the activation of osteoclasts. As
such, the term �Kd1d1 is added to exponent g21, to represent the
inhibition of RANKL produced by osteoblasts. Bisphosphonates lay
on the bone matrix, being released and absorbed by osteoclasts as
they degrade bone, leading to inhibition of bone resorption and
promoting their apoptosis. In this model, bisphosphonates are
only considered to promote apoptosis of osteoclasts by adding the
term Kd2d2 to β1. Anti-cancer therapy directly targets cancer cells
and promotes their apoptosis. It is possible to use combination or
single agent chemotherapy in the treatment of bone metastases.
As such, the term �Kd3d3T is added to the expression of tumor
growth to represent the effect of anti-cancer therapy, d3, in the
killing of the tumor. Constants Kd1 , Kd2 and Kd3 represent the
maximum effect of denosumab, bisphosphonates and anti-cancer
therapy, respectively. Similarly to the case of the presence of
cancer cells, the thresholds Cth and Bth are affected by the treat-
ment variables in the appropriate terms.

The effect of a drug, d(t), with respect to its concentration in the
plasma is given by it pharmacodynamics, which can be expressed
by a Hill function as

dðtÞ ¼ CpðtÞ
C50ðtÞþCpðtÞ

; ð2Þ

where Cp is the concentration of the drug in the plasma and C50 is
the concentration that achieves 50% of the maximum effect. This
effect is bounded between 0 and 1, where 0 corresponds to no
effect and 1 to the maximum effect of the drug, which is then
scaled appropriately when included in the complete model.

The pharmacokinetic (PK) model used is a one-compartment
model with first-order absorption and elimination for sub-
cutaneous administration for denosumab and intravenous (IV)
administration for bisphosphonates (zoledronic acid) and che-
motherapy (paclitaxel) (Dhillon and Kostrzewski, 2006). For sub-
cutaneous administration, the concentration of drug remaining to
be absorbed, Cg, and the effective drug concentration in the
plasma, Cp, are described by

dCgðtÞ
dt

¼ �kaCgðtÞ; ð3Þ

dCpðtÞ
dt

¼ kaCgðtÞ�keCpðtÞ; ð4Þ

where ka and ke are the absorption and elimination rate,
respectively.

For multiple dose subcutaneous administration, assuming a
fixed administration time interval τ of dose D0, which gives the
initial plasma concentration C0

p ¼ D0F
Vd

, where Vd is the volume dis-
tribution and F the bioavailability, the drug concentration after the



Table 2
Parameters for bone remodeling and bone metastases in model (1).
The values for α1, α2, β1, β2, g11, g21, g12, g22, k1 and k2 were obtained
from Komarova et al. (2003) and Ayati et al. (2010). The remainder
of the parameters are introduced in this work.

Parameter Value

α1 3
α2 4
β1 0.2
β2 0.02
g11 0.1
g21 �1
g12 0.8
g22 0.2
k1 0.5
k2 0.00248723
KPTH 1
βPTH 0.1
KPTHpool21

1.261

kW 15
λW 300
kT 1
λT 10
LT 100
r11 0.022
r22 �0.198
rPTHrP 0.0043
C0 Css
B0 Bss
z0 100
PTHpool0 0
T0 1

Table 3
Parameters for therapy in model (1): denosumab, d1, bisphosphonates, d2 (zole-
dronic acid) and anti-cancer therapy, d3 (paclitaxel). The PK parameters, D0, τ, ke, ka,
F and Vd, for denosumab, zoledronic acid and paclitaxel can be, respectively, found
in Gibiansky et al. (2012), Chen et al. (2002) and Perez et al. (2001). The PD
parameters, C50 and Kd, were chosen through simulation.

Parameter d1 d2 d3

D0 120 4 176
τ 28 28 7
ke 0.0248 0.1139 1.2797
ka 0.2568 – –

F 0.62 – –

Vd 3.1508 536.3940 160.2570
C50 1.2 0.0001 0.002
Kd 0.48 1.2 0.017
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Fig. 2. Bone remodeling activated by PTH.
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nth dose, Cpðn; t0Þ, is described by

Cpðn; t0Þ ¼ C0
p

ka
ka�ke

1�e�nkeτ

1�e�keτ
e�ket0 �1�e�nkaτ

1�e�kaτ
e�kat0

� �
; ð5Þ

where t0 ¼ t�ðn�1Þτ represents the time elapsed after the nth
dose. After a large number of doses, the system will reach the
steady-state of average Cpss ¼ 1

τ
C0
p

ke
.

The pharmacokinetics for single IV administration is given by

dCpðtÞ
dt

¼ �keCpðtÞ; ð6Þ

where the initial dose D0 is included in the initial condition of Cp as
C0
p ¼ D0

Vd
.

4. Results and discussion

The bone remodeling model proposed in Section 3 was simu-
lated in MATLAB Simulink for different conditions, namely for
healthy bone remodeling (Section 4.1), then in the presence of
metastatic cells (Section 4.2), and finally with the inclusion of
therapy (Section 4.3). The values for the parameters used, unless
stated otherwise, are the ones described in Tables 2 and 3. The
model developed is available at http://sels.tecnico.ulisboa.pt/soft
ware/.

4.1. Healthy bone remodeling

The dynamic response of system (1) in the absence of meta-
static cells is presented in Fig. 2, with the parameters set according
to Table 2, except that T0 ¼ 0, and the variables corresponding to
treatment d1, d2 and d3 are equal to 0.

The concentration of PTH increases at certain time instances,
following a Weibull distribution, which leads to an upregulation of
RANKL in osteoblasts. The number of osteoclasts increases due to
this production of RANKL, initiating the remodeling cycle. As
PTHpool goes to 0, that is, PTH concentration returns to its normal
value, the system starts to converge to its steady-state value (see
Haden et al., 2000 for PTH normal values according to age and
gender). When the steady-state is reached, it is considered that the
lifetime of the BMU is over and the remodeling cycle has ended.
Nonetheless, the recruitment of BMUs for bone remodeling can
restart at any given time, even if other BMUs are still active. In
Fig. 2, four BMUs are activated at distinct time instants, following a
Weibull distribution, controlled by kw and λW, and therefore not
periodically. For visualization purposes, these parameters were
chosen such that the lifecycles of each BMU would not overlap.
While active, the BMUs start by degrading bone through the action
of osteoclasts, as it can be observed in the plot for bone mass,
followed by a period of bone formation carried out by active
osteoblasts, restoring the bone mass to its initial value. In the
absence of cancer cells and treatment, the thresholds Cth and Bth
do not change over time and are equal to the steady states Css and
Bss, respectively.

4.2. Bone metastases

Cancer cells influence the bone remodeling cycle by directly
and indirectly influencing the activity of the bone cells. First, the
direct influence of the tumor in the autocrine parameters is stu-
died, by setting rPTHrP ¼ 0. The trace of the Jacobian, J, of the system
composed by C and B in the absence of the tumor, computed at the

http://sels.tecnico.ulisboa.pt/software/
http://sels.tecnico.ulisboa.pt/software/
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steady-state ðCss;BssÞ, is trðJÞ ¼ β1ðg11�1Þþβ2ðg22�1Þ (Komarova
et al., 2003), and its value determines the type of stability of the
steady-state. The set of parameters r11 and r22 is chosen such that
the trace, and hence the stability of the new steady-state resultant
from the inclusion of the tumor, remains unchanged. The trace of
the subsystem including the tumor, trðJT Þ, is given by

trðJT Þ ¼ β1 g11þr11
TðtÞ
LT

�1
� �

þβ2 g22þr22
TðtÞ
LT

�1
� �

¼ trðJÞþβ1r11
TðtÞ
LT

þβ1r22
TðtÞ
LT

ð7Þ

For the trace to remain unchanged,

trðJT Þ ¼ trðJÞ

) r22 ¼ �β1

β2
r11 ð8Þ

Since the tumor directly stimulates osteoclast and inhibits
osteoblast formation, through, for instance, IL -1 and DKK -1, r11
should be positive and r22 negative, which is satisfied by Eq. (8).
The values of r11 (and hence r22) are chosen through simulation so
that the number of active osteoclasts increases, while the number
of active osteoblasts is unaltered or decreases, when in compar-
ison to healthy bone remodeling, as to represent osteolytic
metastases (Casimiro et al., 2009).

In Fig. 3a, the effect of the metastasis in the autocrine para-
meters is studied, by setting the tumor variable to a constant value
of LT, its maximum size, rPTHrP ¼ 0 and running the model for
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Fig. 3. Influence of bone metastases
different values of r11, which defines r22. The remaining para-
meters are left unchanged and according to Table 2.

For increasing values of r11 and, consequently, lower values of
r22, there is an increase in the number of recruited osteoclasts and
a downregulation in the activation of osteoblasts, resulting in a
reduction of bone mass which the osteoblasts cannot account for.
For r11 values above 0.2, it can be observed in Fig. 3 that bone
formation is ablated, representing cases of purely osteolytic
metastases. The thresholds Cth and Bth for the bone mass change as
the tumor evolves, reaching greater values for osteoclasts and
lower ones for osteoblasts.

Constant rPTHrP plays a key role in determining the dynamics of
the system in presence of the tumor. The inclusion of the corre-
sponding term introduces a new unstable equilibrium point,
which can be found numerically. Setting the tumor size to LT, the
influence of rPTHrP on the dynamics of the system is represented in
Fig. 3, for r11 ¼ r22 ¼ 0. Again, the remainder of the parameters are
set according to Table 2.

From Fig. 3b, it becomes clear that the number of active
osteoclasts and osteoblasts in a remodeling cycle increases with
rPTHrP. An important effect of constant rPTHrP is that it can extend
the duration of a remodeling cycle. As it can be observed from
Fig. 3b, it is possible to choose values for this constant that would
extend the lifespan of a BMU, more specifically, the time during
which the bone is being degraded. This corresponds to the vicious
cycle imposed by the metastatic cells, which maintain the bone
resorption period in order to grow (Casimiro et al., 2009).
0 50 100 150 200 250 300
0

20

40
Influence of rPTHrP on the dynamics of the system, r11=r22=0

O
st

eo
cl

as
ts

0 50 100 150 200 250 300
0

1000

2000

3000

O
st

eo
bl

as
ts

0 50 100 150 200 250 300
0

0.5

1

P
TH

+P
TH

rP

0 50 100 150 200 250 300

40

60

80

100

z

time/days

r
PTHrP

=0.000000000000

r
PTHrP

=0.004000000000

r
PTHrP

=0.004360000000

r
PTHrP

=0.004365420000

r
PTHrP

=0.004365423680

r
PTHrP

=0.004365423690

parameters on bone remodeling.
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Increasing this value, one will eventually reach a situation where
the system becomes unstable and no longer converges, as it can be
observed in Fig. 3 for the light-gray full line. Through simulation, it
is possible to determine a lower bound for the value of rPTHrP above
which the system becomes unstable; the full analytical study of
this behavior could be further investigated in the future.

In the presented case, the final bone mass after a remodeling
cycle will decrease due to the predominant action of osteoclasts
over osteoblasts, despite both resorption and formation increase.
However, by changing the value of g12, it is possible to reach
similar results in terms of lifespan extension of the BMU, but with
final bone mass equal to or greater than the initial bone mass, as
described in Komarova (2005). Physiologically, it is expected that
an increase in PTHrP would result in higher bone resorption than
bone formation for osteolytic metastases, so the value of g12 was
chosen accordingly. For these set of parameters, g12 could be
chosen from 0 to 0.6 to achieve such results, where 0.6 leads to a
null relative change in bone mass after a remodeling cycle. Higher
values result in predominant bone formation over resorption,
characteristic of osteoblastic metastases.

The results from simulating the model including tumor
metastasis are presented in Fig. 4, with the parameters and initial
conditions of Table 2. The values for r11, r22 and rPTHrP were
selected based on the previous simulations, such that there would
be a general increase in bone activity, although with a pre-
dominance of bone resorption over formation.

It is possible to observe in Fig. 4 that tumor growth occurs only
during bone resorption taken by osteoclasts, as part of the sim-
plification of not accounting for other factors that drive tumor
growth (e.g., oestrogen). As the tumor grows, more PTHrP is
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Fig. 4. Bone dynamics and metastatic growth as co-dependent mechanisms.
secreted by the cancer cells to stimulate the production of RANKL
by osteoblasts, resulting in increased bone activity of predominant
resorption, further contributing to the growth of the tumor (whose
size is limited to LT) and leading to a decrease in bone mass.

4.3. Treatment for bone metastases

To study the effect of anti-resorptive treatment, the full model
was simulated for various values of maximum effect of denosu-
mab, Kd1 , and bisphosphonates, Kd2 , for d1 ¼ d2 ¼ 1, meaning that
the drug concentration administrated achieves the maximum
effect, in the cases where the tumor is absent, T¼0, and the tumor
has reached its maximum size, T ¼ LT . The bone mass evolution for
the different scenarios is presented in Fig. 5.

On the left and right column, respectively, the effect of deno-
sumab and bisphosphonates on the bone mass, for T¼0 (top) and
T ¼ LT (bottom), is represented for the different effects of the drugs
applied to the system. For both drugs, the increase in drug effect
reveals a decrease in bone resorption, which would result in a
decrease in tumor growth. Analysing the effect of denosumab, Kd1
(left column in Fig. 5), it can be observed that for T¼0 (top figure),
the bone mass greatest increase is achieved for an effect of
Kd1 ¼ 0:210, not for the highest effect Kd1 ¼ 3:000. In fact, the curve
corresponding to the highest effect presents a very low increase in
bone formation, resulting from the almost complete annihilation
of bone resorption, to which bone formation is coupled. The same
happens for bisphosphonates, as it can be observed from the top-
right figure, where the greatest bone formation is achieved for an
effect Kd2 ¼ 1:204 and not for the highest effect of 53.496. There is
no clinical evidence that higher drug effects would result in a
decreased performance in bone formation, though, since higher
doses are not tested in practice.

Nonetheless, the effect that leads to the highest increase in
bone mass in the absence of cancer cells (for denosumab,
Kd1 ¼ 0:210, Fig. 5, top-left; for bisphosphonates, Kd2 ¼ 1:024,
Fig. 5, top-right) is different from the optimal value if tumor cells
are present (for denosumab, Kd1 ¼ 0:480, Fig. 5, bottom-left; for
bisphosphonates, Kd2 ¼ 3:477, Fig. 5, bottom-right), which corre-
sponds to a greater inhibition of bone resorption.

These results raise the hypothesis that different dosages should
be administrated according to the disease burden in bone, in order
to achieve decreased bone resorption and maximized formation.
However, in reality such a high bone gain is not achieved. As
previously mentioned when studying the effect of rPTHrP on the
system, the outcome of bone remodeling is highly dependent on
the value of g12 (Komarova, 2005). As such, different choices for
this parameter can result in a more conservative bone gain, which
was not fully studied in this work.

To achieve a higher effect, the dosage and frequency of drug
intake must be higher, according to the Eq. (2) describing the
pharmacodynamics. In turn, the toxicity of the treatment intro-
duced in the system would increase, which is not desirable. As
such, a control law to regulate the administered drug concentra-
tion could be developed to maximize the bone formation and
minimize toxicity and tumor progression at its the different dis-
ease burden, although that is out of the scope of this work.

The PK/PD of each drug for multiple dose administration is
shown in Fig. 6, according to the parameters in Table 3. Fig. 6a–c
represents the PK and PD for denosumab (Cp1 , d1), bispho-
sphonates (Cp2 , d2) and paclitaxel (Cp3 , d3), respectively, where the
treatment starts at t¼1 day and stops at t¼300 days for denosu-
mab and bisphosphonates, and at time t¼30 days for paclitaxel,
for visualization purposes. It can be observed that the steady-state
concentration has been reached before the treatment is
interrupted.
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The bone remodeling system in the presence of tumor was
simulated for anti-cancer therapy (paclitaxel) alone, then together
with either denosumab or bisphosphonates, and the results are
presented in Fig. 7. In all cases, the treatment starts at time tstart
¼ 1200 days and is interrupted at tstop ¼ 2200 days. The values for
Kd1 and Kd2 are chosen through simulation such that there is an
increase in bone mass regardless of the disease burden. The
parameters used for the simulation are presented in Tables 2 and
3.

Treatment with chemotherapy, represented by the full line, is
able to reduce the tumor size to nearly zero and restore the normal
remodeling cycle. However, because no anti-resorptive therapy is
applied, as long as there are cancer cells, the bone mass will
decrease due to increased bone resorption and is not recovered.
Furthermore, bone resorption will induce the growth of tumor
during the disrupted remodeling cycle. In case bone metastases
are completely eliminated, which is not usually the case, the reg-
ular mechanisms of bone physiology would regenerate bone and
increase bone mass, which is not taken into account in this model.

Anti-resorptive treatment by itself is not used for the purpose
of killing cancer cells, but can at least inhibit their growth and
even partially restore bone mass. Comparing the results of anti-
cancer therapy together with denosumab and with bispho-
sphonates, represented in Fig. 7 by the dashed and dotted lines,
respectively, it can be observed that, in both cases, the tumor size
is greatly reduced due to the effect of anti-cancer therapy and that
bone mass increases through the anti-resorptive treatment. In this
setting, bone formation will be greater than bone resorption,
which will result in an increase in bone mass.



Fig. 6. PK/PD for anti-resorptive and anti-cancer therapy.
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The main difference between the treatment with denosumab
and bisphosphonates in this model is that the former induces a
greater reduction in the number of osteoclasts than the latter,
while achieving a similar number of active osteoblasts. As such,
the increase in bone formation with respect to bone resorption
will be greater in the treatment with denosumab than with
bisphosphonates.

In any case, the tumor is usually never completely eliminated,
which can lead to cases of tumor regrowth, as shown by the
increase in tumor size after the treatment is stopped.
5. Conclusion

This paper proposes a model for bone remodeling in presence
of bone metastases that includes novel features such as the effect
of PTH in the bone remodeling dynamics and its role in activating
remodeling cycles, the induction of a vicious cycle through the
production of PTHrP by bone metastatic cells and the con-
sequential increase in bone resorption, and the PK/PD of the
therapies currently applied including the two main categories of
anticancer and antiresorptive treatment.

The system presented here expands previously proposed
models that already coupled the dynamics of the bone cells and
extends them to include a mechanism that activates bone remo-
deling through the increase in concentration of PTH at the remo-
deling site, rather than simply introducing a perturbation on the
initial conditions.

In order to account for the effect of the tumour on the bone
dynamics, previous efforts based on altering the parameters of the
system that represent the autocrine regulations are expanded,
although preserving the type of stability of the resulting steady-
state. By including the PTHpool variable, which represents both PTH
and PTHrP concentrations, it is possible to recreate the vicious
cycle of bone metastases, where bone resorption promotes the
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growth of the tumour, which in turn increases bone resorption
through PTHrP.

Moreover, the new model includes not only anticancer treat-
ment, but also antiresorptive treatment, which can inhibit bone
resorption and consequently the growth of bone metastases, an
important characteristic of the bone metastatic disease and ther-
apy not considered previously.

There are several physiological features than can be further
included in the models. For example, the effect of other hormones
such as oestrogen which are secreted by breast cancer cells has a
known impact on the dynamics of bone remodeling. The inclusion
of hormonotherapy would also contribute to a wider under-
standing of the coupling with these relevant proteins. Moreover, it
is of the utmost importance to incorporate drug resistance in the
model, in order to understand the dosages and intervals of
administration that maximize the effect of the therapy, while
reducing the toxicity added to the system. At a certain point, bone
metastases develop mechanisms that make them independent of
the bone microenvironment to grow and proliferate, which is not
taken into account in the proposed model. Furthermore, it is very
difficult to attribute the effects specifically to PTH or PTHrP, which
are here collapsed into one variable, but the separate contribution
of each could be further explored in the future. Another challenge
would be to extend the model by taking into account the spatial
evolution, which is of paramount importance in the understanding
of bone remodeling and metastasis system.

It is expected that the computational modeling of this relevant
physiological process can contribute to support clinical decisions
and the design of therapeutic regimes for bone metastatic
patients.
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